A KdV equation is considered as a model of free surface flow disturbed by a bump. The equation has a parameter related to the Froude number, defined as the upstream flow, and it has a forcing term as representation of the bottom topography. From the analytical solution, that can be obtained for special case of the bottom topography, i.e when it is a solitary form of secant hyperbolic function, a numerical method is developed to confirm that solution. The method is based on a finite difference. As the result, our numerical procedure gives two solutions. Only one agrees with the analytical solution, but it does not confirm to the limiting case of the solution obtained from unsteady problem, the second solution does.
Introduction
A 2-D flow is considered over a bump on the bottom of a channel. We assume that the fluid is ideal and the flow is irrotational, so that the flow can be described in term of potential function φ. Far upstream the flow is uniform with velocity U 0 and depth H. The bump generates waves traveling upstream and downstream from it. Wiryanto and Mungkasi [5] examined the unsteady problem, formulated as a Boussinesq type equations, and solve numerically. Their results indicate that the steady wave is set up when the flow upstream is supercritical, i.e. the Froude number F = U 0 / √ gH greater than 1. Here g is the acceleration of gravity. The solution is like a solitary wave.
Some works related to that free-surface flow can be seen in Forbes and Schwartz [7] , Vanden-Broeck [2] and Forbes [6] . They solved the problem numerically, direct from the governing equations, without approximating the equations into a singe equation, for a semicircular bump. Their numerical computations indicated that there were two branches of solutions for F greater than a certain number. Wiryanto [3] solved similar problem for subcritical flow and a step topography for the bottom of the channel. He obtained a train of waves behind the step.
Based on the results in the above references, we are interested in solving a KdV model for that free-surface flow. The model was derived by Shen, et. al. [10] using series expansion directly from Euler equations. For the first order, a physical interpretation is required to solve the problem. It is different with the approach given by Wiryanto and Jamhuri [4] , who formulated the KdV equation from perturbation of the potential function, and they solved order by order giving the single KdV equation. In solving the equation, Wiryanto and Jamhuri [4] use a shooting method, by assuming the bump and wave are symmetric to the vertical axis. Two solutions with different crest height are obtained for supercritical flow F > F 0 , where F 0 is a certain number greater than 1, depending on the height of the bump. This result is also presented by Chrdard, et. al. [1] , Camassa and Wu [8] and Camassa and Wu [9] . Which solution is stable is the question that we will answer in this paper. Stable solution is the surface profile that is generated by the flow, for given Froude number and bottom topography. The result of the unsteady model in Wiryanto and Mungkasi [5] can be adopted as the reference, after long run. We propose to solve the KdV equation by a finite-different method. We first test the result of the method compared to the analytical solution for secant-hyperbolic function as the representation of the bottom topography. From the two solutions, we obtain solution with lower crest height is stable. We then perform the surface profile for other type of bump.
KdV equation for free surface flow
The configuration of the flow over a bump is illustrated in Figure 1 . A uniform stream flows from far upstream with velocity U 0 and depth H. The stream is disturbed by a bump on the bottom of the channel, namely y = h(x), so that the free surface is pushed up becoming y = H 0 +η(x). η is an unknown function representing the surface elevation. Referring to Wiryanto and Jamhuri [4] , the governing equations are
on the free surface y = H + η(x), and
along the bottom of the channel y = h(x). The right hand side of (4) represents the situation at the uniform stream. The governing equations are then modeled into a single equation by some steps as follows. The potential function is presented as uniform stream and its perturbation in form φ = U 0 x + Φ. This is then substituted into the equations above, and we non-dimensionalize and scale the variables by
where = (H/λ) 2 , and λ is the unity of horizontal-length such as wavelength. Note, we then neglect the bar notation for simplicity in writing the formulation. Beside that, we expand
Each set of the equations O( ), O(
2 ) and O( 3 ) is solved, and we obtain F (0) = 1 and η (1) satisfies
that we call steady forced Korteweg de Vries equation. The forcing term h(x) is related to the bottom topography of the channel. In case h x = 0, equation (5) has an analytical solution in term of secanthyperbolic function. To get the solution, we integrate (5) with respect to x, and use the condition η (1) and its derivations tend to 0 as |x| → ∞, giving
This equation is then multiplied by η (1) x and integrate once again, giving
The non zero solution is
In that form, we choose the position of the maximum value of η (1) at x = 0, otherwise we should shift x to a certain value, namely x 0 .
KdV solutions
Instead of solving (5), we solve
is discetized into non-homogeneous subspaces with end points
and we use notation η j ≈ η (1) (x j ). We choose x 0 = 0 as the position of the crest of h(x), and N is relatively large number, so that x −N and x N are far from the crest of h(x). We then discetize the equation by approximating
The first derivative of η (1) is also approximated by the same finite difference, so that we have
. Therefore, the finite difference equation of (8) is just replaced the finite difference of η (1) xx into (8) . A system of non-linear equations is constructed for given Froude number F (1) and a bump h(x). An equation is obtained for each j of the finite difference equation, so that there are 2N + 1 equations for determining 2N + 1 unknowns
Two boundary conditions of η (1) are required at j = −N − 1 and j = N + 1. These are set by η −N −1 = 0, η N +1 = 0, representing uniform stream. The system of equations is then solved by Newton's iteration and the fluid surface is plotted from the coordinates (x j , η j ).
The analytical solution of (8) for the bump in form of secant-hyperbolic function can be obtained by uncertain-coefficient method. Since the homogenous solution of (8) is in secant-hyperbolic function, described in the previous section, the non-homogenous solution can be also determined in the same form. We suppose the bump is
The solution of (8) can be determined in form of
Our task is to determine A so that η (1) satisfies (8) . To do so, we substitute (9) into (8) and we collect the coefficient of sech 2 (bx) and sech 4 (bx) , giving two equations
For given b and G, the solution in form of (9) is obtained for
However, we can also eliminate b from those equations, a quadratic equation of A is obtained. The solutions are
This gives two relations between A and F (1) . But only one relation, i.e. for the one with sign +, satisfies A = 2b 2 , so that solution in form (9) is obtained. For the other relation, solution in form of (9) is obtained but different b to the bump. (1) (dash lines) using formula (9) . Now, we calculate the solution of (8) for the bump in form
and for F (1) = 0.266. We choose this value F (1) calculated from (10) with b = 0.5 and G = 0.1. The system of equations is constructed in a matrix of size 300 × 300. The Newton's iteration is stopped when the error, the difference between two iterations, is less than 10 −8 . As the initial guess, we use η (1) = h(x). The result is presented in Figure 2a , plot of η (1) in smooth curve. The value of A is 0.50, agrees to (11). The other curves in Figure 2a are plot of the bump, presented in dash curve, and plot of the analytical solution (9) in star curve. We then repeat the calculation using initial guess η (1) = 0. The Newton's iteration converges to some points (x j , η j ), plotted in Figure 2b in smooth curve. The maximum value of η j is A = 0.237. This is then used to calculate b following the relation in (10) , so that we have a solution in form (9) . When we plot that solution, our numerical solution does not match to that one, as shown in Figure 2b in dash curve.
The above process, calculation using different initial guess, is repeated for various Froude numbers, but the same bump. For F (1) = 0.4, the numerical procedure gives similar result as above, each initial guess produces a solution with different crest height A, i.e. A = 0.1245 and A = 1.014, the high value A corresponds to the solution in form (9) . We then collect the data (F (1) , A), and it is plotted as shown in Figure 3 . Our numerical procedure is fail to obtain the solution for F (1) less than a certain number, depending on the bump height G. In case for G = 0.1, the calculation is fail for F (1) < 0.259. This minimum value can be determined from (11), when both As are equal, i.e. √ 9F (1) − 6G = 0 giving F (1) min = 0.258. From the branch of solutions, the analytical solution follows the curve for high A, plotted in curve with dots. However, that analytical solution is unstable, based on the result in Wiryanto and Mungkasi [5] . They calculated the unsteady model for long run, so that the steady one is obtained with a certain crest height, asymptotically. For larger Froude numbers, they obtain the steady solution with decreasing crest height. This confirms to the curve in Figure 3 for smaller A, for given F (1) . 
Conclusion
A finite difference method has been developed for solving a forced Korteweg de Vries equation, as model of steady free surface flow of supercritical type disturbed by a bump. The method is able to obtain solutions in form of secanthyperbolic profile, i.e. whenever the flow of Froude number F (1) is disturbed by a secant-hyperbolic bump characterized by the height G and the width b of the bump. Meanwhile, the analytical solution is a special case of the numerical solution, i.e. when those parameters and the crest height of the elevation A are satisfied certain equations. Another class of solutions in solitary-like is also obtained. This class confirms to the solution from unsteady model. For other type of bump, the method also obtains a solution, depending on the bump and Froude number F (1) .
